Proof:  We determine the average signal energy for the Gaussian integers modulo the
Gaussian prime m = a + ib, where p = 7 - * with p = 1 mod 4. The star denotes complex
conjugation. We therefore determine the sum S = Zi;é N (k mod 7), where the norm N(7) of
a Gaussian integer v is defined by N(vy) = - v*. The average energy then equals S/p.

To compute A + iB mod m one can proceed as follows. Let x + iy be A + iB mod w, then
(A+iB)(a —ib) mod 7m* — i.e. modulo p — equals f + ig where

aA+bB = F-p+f

aB—bA = G-p+g.
Hence )
f+ig

A+iBmodrw=x+1iy = = .
a—1tb

(1)

Equation (1) can already be found in [1]. Hence setting k mod m = xy + iy, with zy + iy, =
(f& +igr)/(a — ib) and

a-k = Fg-p+ [k

—b-k = Gp-p+o,
we get
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Now if k runs from 0 to p — 1 then ak mod p which equals fi runs through all residues modulo
p. The same is true for gi. Clearly to get the residues k£ mod 7 of smallest norm, we select fj
and g from the interval —(p — 1)/2...(p — 1)/2. Thus

p—1 p—1 (p—1)/2 4 P )/2
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The latter sum however is well known. We thus get
g DD 4y 141 2_1 21

P 6 6

as was to be proved.
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